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Preface

The Mathematics for Artificial Intelligence and Data Science course was created in the academic year
2021/22 as part of the MSc course on Artificial Intelligence and Data Science (MAID) organized jointly
by the University of South Bohemia in Ceské Budgjovice and Deggendorf Institute of Technology. This
collection of tutorial exercises accompanies the main textbook [!]| and provides students with enough
practical exercises. If you have any questions or improvement tips, feel free to contact us.

T. A. Revilla, J. Valdman - the authors.


https://www.maid.education/en/home/




1 Systems of linear equations

We aim at solving the system of linear equations

Ax

b,

where A € R"™*" is a rectangular matrix with m rows and n columns, b € R™ is the right-hand side
vector and & € R" is a solution vector. There are three options: there is either no solution, one
solution, or infinitely many solutions. We demonstrate is graphically for the problem in three space
dimensions. Then the solution of the linear system of equations corresponds to the intersection of three

planes. We consider three different problems (taken from [I|, example 2.2, page 20) in forms

111
~1 2
2 0 3|
S
1 -1 2
_01_
111
~1 2
2 0 3

z1
Z2

3

z1
Z2

€T3

(1.1)

(1.2)

(1.3)

The first system (1.1) corresponds to no intersection of all planes (although any pair of planes intersect
in various lines), the second system (1.2) to one intersection point and the third system (1.3) to
intersection of all plane in one line. See Figure 1.1.

(a) (b) ()

Figure 1.1: The planes in (a), (b) and (c) correspond to the three equations defined by (1.1), (1.2)

and (1.3), respectively.



1 Systems of linear equations

The distinction of three cases is easy to see from the corresponding reduced echelon forms of all
three system providing

10 210 10 0f1 10 3|3
01 —%(0], 0101/, 01 -2
00 01 00 01 00 01

Exercise 1.1. Three masses ¢, h and 2 are balanced as shown below. What are the values of ¢ and h?

50

o (O ®

25

Solution. Balance requires that torques on the left and right side of the lever are equal:

40h + 15c¢ =50 - 2
25c =25-2 + 50h

Divide both sides of the 1st equation by 2 and both sides of the 2nd by 25 to get

8h + 3¢ =20
c=2+2h

Substitute ¢ from the 2nd in the 1st and solve h

8h +3(2 + 2h) = 20 — 8h + 6 + 6h = 20 — 14h = 14 — [h = 1]

Solvec:2+2-l—>

Exercise 1.2. The following reaction between toluene and nitric acid produces TNT and dihydrogen
monoxide

2 C7Hg + yHNO3 — 2 C7 H5 Og N3 + w Ho O

Find z,v, z, w.



Solution. From the law of conservation of matter

conservation of C: Txr =Tz
conservation of H: 8xr 4+ 1y =52+ 2w
conservation of N: ly =3z
conservation of O: Jy =6z+ 1w
Or the same thing as

7t + 0y — 72z — 0w = 0

8¢ + ly — 5z — 2w = 0

Oz + 1ly — 32z — Ow = 0

Oz + 3y — 62 — 1lw = 0

This system of equations is homogeneous because the independent terms are all 0. We solve this system
using row operations

70 =7 0]0
8§ 1 =5 =210
01 -3 0|0
03 -6 —-1]|0

This is the augmented matriz of coefficients. The vertical line represents the equal sign (=). and the
columns on the left side correspond to the variables (the order maters!)

e Subtract row 1 multiplied by 8/7 from row 2, i.e., Ry = Ry — %Rlz

70 -7 00
Ry 8 1 -5 -2 0
S8Ry |-8.7 8.0 -2.(-7) -E.0|-8.0 =~ gi_z _(2)(())
k| 0 ! 3 -2 03 —6 -1/0
0R3=R3—R2:
70 -7 0]0
01 3 -2/0
00 —6 2|0
03 -6 —1/0
e Ry =Ry — 3Ry:
70 -7 00
01 3 —2/0
00 -6 0
0 3 —15 0
e Ry=Ry— SRy
70 -7 0]0
01 3 -2/0
00 —6 0
00 0 0

This is a row echelon form (REF). The 4th row is redundant, we have three independent rows/equations

Tx—72=0
y+3z—-2w=0
—6z+2w=0



1 Systems of linear equations

From the 3rd z = %w, from the 1st x = %w, and from the 2nd y = 2w — 3 - %w = w.

We are left with w, it can be anything! Positive, negative, zero! Of course, since we are dealing with
matter here, let us consider a “sensible” value, like w = 3. Then z =1,z =1 and y = 3. Now

CrHg + 3HNO3 —— C7H; Og N3 +3H> O
is mass balanced.

Remark. In the mechanical example there is only one solution. There are three masses and two
constraints, i.e., the two equations, but one of the masses (“2”) was already set. In the chemical
example, there are infinite solutions because the total mass of the system is not constrained.

Exercise 1.3. Solve the system from the mechanical exercise 1.1 using Cramer’s rule.

Solution. Given

A X b
20 3‘
Ap 2 1 20x1—-2x3 14
hzi_ = :—:]_
A 8 3 8x1—-(-2x3) 14
-2 1
| 8 20
A, -2 2 2—(—2x2
oo Be :8>< ( X 0):§:
A 8 3 8x1—(-2x3) 14
-2 1

e A: the determinant of A
e Ay: like A but 1st column replaced by b

e A.: like A but 2nd column replaced by b

Exercise 1.4. Solve the system from the mechanical exercise 1.1 using multiplication by the inverse.

A X b

Solution. Given

We want to do this
AX =b—sAAX =AW s X =A% X=4a1

10
where I is the identity matrix [

Find the matrix inverse. There is a very simple formula for 2 x 2 matrices

8 3 1 1 1 -3 111 -3
- A= = — =
-2 1 8-1—-(=2-3) | 2 8 1412 8
—,—/%’_/

determinant

A:

E‘“ AN
oo Bl
| I

adjugate matrix

N - 1 ]1 =3 20 1
— 1y _ —
X=A" 14[2 8][2] i

Then

20—-6
40 + 16

itisit

10



Exercise 1.5. Solve the system from the chemical exercise 1.2 by gaussian elimination.

Solution. Start with the REF (disregard the last row full of zeros)

0 -7 0/0
0 3 -2]0
0 0 [-6] 2]0
The numbers with squares are pivots, they are the first non-zero elements of their rows and the last

non-zero elements of their columns. We want the reduced row echelon form (RREF) where all pivots
are equal to 1 and the only entries of their columns

[} R1 = %Rl and Rg = —%Rg

10 -1 010
01 3 —-2|0
-1
0 0 510
e Ri = R;+ R3s and Ry = Ry — 3R3
-1
100 5|0
010 —-1]0
-1
001 510
Now see
100 S0 la + 0y + 0z —tw = 0 T o= jw
010 —1|0]—=0x 4+ 1y + 0z —-1lw = 0 =y = w
001%10 Ox—f—Oy—}—lz—%w:O z—%w
RREF
The general solution of the equation M V =0is
1
x 3
- 1
v=|"|={a L | le€eR
o 3
w 1

Exercise 1.6. (ex. 2.5a from [1]). Find the general solution of

1 1 -1 -1 T 1
2 5 —7 —5 x| | -2
2 -1 1 3 zs || 4
5 2 —4 2 T4 6

Solution. Write the augmented matrix

1 1 -1 -1 1
2 5 =7 —=5|-2
2 -1 1 3| 4
5 2 -4 2| 6

11



1 Systems of linear equations

Perform gaussian elimination

11 -1 -1 1 1o %2 of I
2 5 -7 —5|-2 01 -2 -1|-%
— =
2 -1 1 3| 4 00 -2 2|-2
5 2 -4 2| 6 00 0 0 1

The last row of the REF tells us that 0 - x4 = 1 which makes no sense. This system is inconsistent, it
has no solutions.

Exercise 1.7. (ex. 2.5b from [1]). Find the general solution of

a1

1 -1 0 0 1 3
Z2

1 1 0 -3 0 6
T3 =

2 -1 0 1 -1 5
Ty

—1 2 0 -2 -1 -1
Ts

Solution. Notice that the matrix of coefficients is not squared, there are 5 variables but just 4 equa-
tions. Yet, we can find a general solution by gaussian elimination.
1 =10 0 1| 3

1000 —1
1 10 -3 0| 6
= {0100 —2| 0
2 -1 0 1 —1| 5
000 1 —1|-1

-1 20 -2 —-1|-1

The last one is in reduced row echelon form (RREF), and we can ignore the last row. Put it back into
matrix—vector form and as equations

T
1 0 0 0 -1 9 3 TG —T5 = 3
01 0 0 =2 z3 | = 0| = 29 —225 = 0
00 0 1 -1 T4 -1 ry —x5 = —1
L 5 |

Notice that x3 does not appear on the right version. This means that any z3 = o € R is valid. Next,
x5 can be chosen arbitrarily, and x1, xo, x4 be given in terms of z5 = 8 € R, i.e., x1 =3+ 3, 0 = 20
and x4 = f — 1. Now watch the “miracle”

T [ 343 ] 3 0 1
o 26 0 2
x3 | = o =] 0 |+a| 1 |+8] 0
T4 B—-1 -1 0 1
| 75 | B8] | 0| | 0 | | 1]
Y T/
U 1% w
The general solution is
[ | ([ 3 ] [0 ] [ 1]
T2 0 2
)?:{[7—1—04‘7—1-51/?/\@,561&}: r3 | = 0 |[+a| 1 |+8|0||l,BeER
T4 -1 0 1
| T5 | L L 0 | | 0 |1

12



Exercise 1.8. Use gaussian elimination to find the inverse of

]

Solution. The inverse has four unknown entries z,y, z, w

BN

~~

A A1 1

1 0
01

Perform row operations until the left side of the augmented matrix is the identity matrix I

8 31 0 | o8 3fro s slro] x
2 1]0 1| x4 —8 410 4| +R 0 71 4| x(=3)
. (56 21| 7 0] +Re 56 0]4 —12] x1/56
0 -21|-3 -12 | x(-1) 0 21(3 12| x1/21
4 —12 1 -3 1 -3
3 12 1 3 1 3

Remark. We actually solved a system of four equations in four unknowns

8r+32z =1
[ 8 3”3: y]: 8z +32 Sy+ 3w :[1 0]_> Sy+3w = 0
-2 1 z w —2x+2z —2y+w 0 1 —2z4+z = 0
—2y+w = 1

Exercise 1.9. (ex. 2.10a from [1]). Check if the following vectors are linear independent

2 1 3
le == —1 ,XQ == 1 ,Xl == -3
3 -2 8

Solution. Let 0 be the zero vector. Vectors X 1, )?2, )?3 are linear independent if the solution of
a)?l + b)zz + CX:J, = 6,

can only bea=b=c=0.

2 1 3 0 2a + b+ 3¢ 0 2 1 3
al|l —1 [+b 1 |4c| -3 | =10]|— —la+b—3c | =0 | — -1 1 -3
3 -2 8 0 3a — 2b+ 8¢ 0 3 =2 8

this is a single column!

Gaussian elimination



1 Systems of linear equations

Now we have

! / ! +2c=0 2
a—+2c= a=—2c
al|l 0 |[+b]|1|+c| -1 |= —
b—c=0 b=c
0 0 0
There are infinite solutions, pick any ¢ and you get valid a and b. For instance, try ¢ = 1, a = —2,

b = 1. Thus, the vectors are not independent. You can conclude this from the fact that one of the
rows from the REF is full of zeros.

14



2 Vector spaces

Exercise 2.1. Check if R® = {(z,y, 2)|z,y, 2 € R} is a vector space.
Solution. Let a,b,c,d,e, f,A € R. Then u = (a,b,c) € R® and v = (d,e, f) € R3
1. Closure under addition:
ut+v=(a+dbtec+f)=a+dbtectfcR=>ut+veR?
Check.
2. Closure under scalar multiplication:
Au = \a, b, ¢) = (Aa, A\b, \c) = Aa, \b, A\c € R = \u € R3
Check.

3. Contains zero element:

0=(0,000)=0cR=0€cR?
Check.

R3 is a vector space.

Exercise 2.2. Check if S = {(z,az) | z,a € R;|a| < 1} is a vector space.

yl

Solution. Let z,y,A € R and || < 1. Then u = (z,az) € S and v = (y, —ay) € S
1. Closure under addition:
ut+v=(@x+y,ar—ay)=Letr=1y=-1=u+v=(0,2)¢ S
Nope.
2. Closure under scalar multiplication:
A= \z,ax) = (A\z,a-Az) = Ax eR= A ueS

Check.

15



2 Vector spaces

3. Contains zero element:

(0,a-0) € S=(0,00=0€ S
Check.

S is not a vector space.

Exercise 2.3. Check if the collection of 2 x 2 matrices with 0’s in the upper right and lower left entries

s 2] leeer)

is a vector space.

Solution. Let a1, as,b1,b9, A € R

1. Closure under addition:

0 0
al 4 a9 _
0 bl 0 b2

has 0’s in the upper rigth and lower left entries. Check.

ai + as 0
0 b1 + by

2. Closure under scalar multiplication:

\ al 0 . /\a1 0
0 b 0 b

has 0’s in the upper rigth and lower left entries. Check.

i

has 0’s in the upper rigth and lower left entries. Check.

3. Contains zero element: let a = 0,6 =0

It is a vector space.

Exercise 2.4. Check if the collection of cubic polynomials with no quadratic term,
ag +a1x + a3x3

is a vector space.

ap bO
Solution. Let A € R, p = [ 1 z 23 ] a; | and ¢ = [ 1 =z 23 } b1
as b3
1. Closure under addition:
agp bo ag + bo
p—l—q:[l T x3} ar | + | & 2[1 T x?’} a1 + by
as b3 az + bs

=ag + bo —+ (a1 —+ bl)x + (a3 =+ b3)$3

is a cubic polynomial with no quadratic term. Check.

16



2. Closure under scalar multiplication:

ao

/\p:/\[l T $3:| a1 | = agh + a1 x + aghx?

a3
is a cubic polynomial with no quadratic term. Check.
3. Contains zero element: let ap = a1 = a3 =0

0
[1 T x3} 0|l=0+0-2+0-2°
0

is a cubic polynomial with no quadratic term. Check.

It is a vector space.

Exercise 2.5. (ex. 2.9 from [1]). Which of the following sets are subspaces of R3

A:{()\,)\—{—MS,)\—,USH)\,/LGR}

B ={(\2,-)2,0)|\ € R}

C ={(e1,e2,e3) €R3| ey — 260 + 33 = 7}
D = {(81,82,63) €R3‘€2 S Z}

Solution. For A:

T 1 0
A= y =X 1|+ 1|\peR
z 1 -1

Setting A = p = 0 we have the zero vector [0,0,0]". Let

1 0 1
171:)\1 1 +M? 1 ,?72:)\2 1 +u§’
1 -1 1 —1
1 0 1
i3 =iy + iy = (A +A2) | 1| + (uf + ) 1L =X]1

where \3 = A\ + A2 € R and pu3 = / /fi’ + ,u% € R. The set is closed under addition. Now let r € R

1 0 1 0
Ug=1r || 1 +u3 1 =riA| 1 —i—r,u3 1| =M\
1 -1 1 -1

where Ay = A € R and puy = puv/r € R. The set is closed under multiplication by scalar. A is a

subspace of R3. A is a plane inside a volume.

Solution. For B:

T 1
B= y | =X -1 |[MeR
z 0

17



2 Vector spaces

Setting A = 0 we have the zero vector [0,0,0]T. Let

1 1
=M | =1 |,id=7]| -1
0 0
1 [ 1
Uz = Uy + Uy = ()\% Jr)\g) -1 = )\g —1
0 0

where A3 = A% + A3 € R. The set is closed under addition. Now let r € R

1 sign(r) sign(r)
iy =r)\| =1 | =|r|]A* | —sign(r) | =\ | —sign(r)
0 0 0

where Ay = |[r|A\? > 0 and sign(r) is the sign function. If r < 0 the 2nd entry of 4 is negative and
iy ¢ B. The set is not closed under multiplication by scalar. B is a not subspace of R?. B is a ray in
the z = 0 plane where y = —x and = > 0.

Solution. For C:

1 €1
C= £9 S R3 [ 1 -2 3 } €9 =7
€3 €3

The zero vector [g1,£2,e3]"T = [0,0,0]T exists if ¥ = 0. Let v = 0 then

€1 €1
f::[l -2 3] £9 ::6,g::{1 -2 3} & | =0
€3 €3
i4+7=040=0
The set is closed under addition. Now let r € R
rZ=1r0=0

The set is closed under multiplication by scalar. C is a subspace of R? if and only if v = 0.

Solution. For D: If an element of D is multiplied a non-integer number such as % or 7, the result is
not in D. Thus, D is not a subspace of R3.

Exercise 2.6. Consider the following subspace of R*

1 2 -1
1 -1 1
U = span , ,
P -3 0 -1
1 -1 1

Determine a basis for U.

18



Solution. First check linear independence of

1 2 -1
1 —1 1
Vi = _3 y V2 = 0 y V3 = 1
1 —1 1

1 2 -1 1 2 =110 1 2 —-1|0
A1 0
1 -1 1 1 -1 110 0 -3 0
X[ =1]10]— — e —
-3 0 -1 -3 0 —-11]0 0 0 010
A3 0
1 -1 1 1 -1 110 0 0 00

from this we get A1 + 2Xo = A3 and 3A2 = 2A3. You can solve the 2nd with Ay = 2, A3 = 3, then it
must be Ay = —1 in the first. Since this solution is non trivial the vectors are not independent, i.e.,
you can get any by combining the other two. Now consider the first two vectors

1 9 0
1 1] |o
Mgl Tl o T o
1 1 0

they are independent because the only way that the sum 0 is when oy = ap = 0 which is trivial. Thus,
v1 and vy are independent and can be a basis for U.

1 2 1 2
T I

B = , <= U = span ,
Y < -3 0 > P -3 0
1] |- 1] |-

Exercise 2.7. Find a basis and the dimension of this vector space
x

V = ERYr—w+2=0

Y
z
w

Solution. Use the condition/constraint/equation z —w + z = 0 to parameterize V' as the sum of three
vectors

w—z 0 -1 1
1 0 0
V= 4 =y + z +w y,z,w €R
z 0 1 0
w 0 0 1

Each of the vectors above has a “1” that can’t be generated by combining the other two, i.e., they are
all independent. Thus,

0 1 1]
1 0 0
B: b b
V<0 1 0>
0 0 1

The dimension of V is the number of vectors of the basis, |dim(V) = 3| Notice that V C R?* is a
subspace, a 3-dimensional space embedded inside a 4-dimensional space.

19



2 Vector spaces

Exercise 2.8. Find a basis and dimension of

{ao+a1$+a2$2+a3m3|ag+a1:O,a2—2a3=0} C Ps

Solution. Parameterize a9 = —ay, a2 = 2a3. We get
{—a1 + a17 + 2a32% + a32”} = {a1(—1 + z) + a3 (22 + 2°) }

The polynomial subspace is spanned by —1 + 2 and 222 + 2% which are independent, i.e., neither can
be obtained from the other by multiplication with a scalar. Thus, we have a basis

<—1 + x, 222 + x3> <=

—
S =
— NN OO
\/

and the dimension of this subspace is 2.

20



3 Linear mappings

Exercise 3.1. Give a basis for the column space of this matrix. Give the matrix’s rank and nullity

1 3 -1 2
21 10
01 1 4

3 -1
span 21,111, 11,10 CR3
1 1

3 1 13 -1 2 * 0
x vyl 142 1l+wlol=l21 10 L I

1 1 4 01 1 : 0

w
That is

13 -1 2|0 100 —2]0

51 10lol=>->lo10 20

01 1 4]0 001 20

There are three independent columns. Thus, a basis can be

1 3 -1
B = < 201,171, 1 >
0 1 1
The matrix’s rank is the dimension of the basis, i.e., the number of elements of the basis, so the rank
is 3. By the rank-nullity theorem the matrix’s nullity is the number of columns (of the matrix) minus

the rank, so the nullity is 1. The nullity is the dimension of the kernel or null space, the (general)
solution of the homogeneous system (use the RREF)

r—2w=0

y+2w =20

242w =0

x 1

-2

Ker = Y =)\ A\ eR?

P _

w 1

See, the matrix’s domain is 4-dimensional (columns) and the kernel/nullspace is a line (1-dimensional
subset of R%) that maps to the 0 vector in the matrix’s 4mage which is of 3-dimensional.

—~

21



3 Linear mappings

Exercise 3.2. Give a basis for the span of the following set
{x+x2,2 — 2:1:,7,4—!—390—}—2332}
Give also the rank and the nullity.

Solution. Parameterize in matrix form

0-2° + 1-28 + 122 0 1 1 0
T
2.2 — 2.28 4+ 027 2 =20 )
= T
7-29 + 0-2' 4+ 0-22 7 0 0 9
T

4.29 + 3.2 4+ 2.22 4 3 2

We want to know the number of independent polynomials, which translates to independent rows

0 11 0 11 0 11 0 0 1 0 0 1

2 =20 1 -1 0 0 -1 0 0 -1 0 010
— — — —

7 00 1 00 1 00 1 00 1 00

4 3 2 4 3 2 4 3 2 4 3 2 0 00

There are three independent rows, i.e., a basis can be

B =((1,0,0),(0,1,0),(0,0,1)) <= B = (1,z,2%)

The rank of the span is 3 and by the rank—nullity theorem the nullity is the number of columns minus
the rank, so the nullity is 0. All the polynomials spanned by original set can be produced with the
three elements of the basis.

Exercise 3.3. Verify that h : P35 — R? given by
a+b

a+c
is a homomorphism. Hint: check that h(aA + BB) = ah(A) + Bh(B).

ar® + bxr + ¢ —>

Solution. We need to map two polynomials

ar+0b

mapping of polynomial 1: a1z + b1z + ¢ — ! !
| a1t
[ as + by |

mapping of polynomial 2: aox? + by + ¢y —> 2
| a2 + co |

Linear combination of the polynomials
A (@12 + b1z + e1) + Ao (a92® 4 baz + c2) = (Ma1 + Aaas) 2% + (A1by + Aobo) x + (Aicr + Aaca)

Mapping of the combination

A1aq + Asao + A1by + Aobo
Aar 4 Aoas) 22 + (A1b1 + Xob2) z + (Aic1 + Mac) —>
(Arar + Agaz) (A1b1 + A2bo2) (A1c1 + Agc) [A1a1+)\2a2+)\101+>\202]

Rewrite the mapping

a1 + by
ai + ¢

as + bo
az + c2

Ara1 + Aaag + A1by + Aobo ] _ [ A1 (a1 +b1) + A2 (a2 + b2) o

A1aq + Agag + Ac1 + A M (a1 + 61) + Ao (CLQ + CQ)

The mapping of the linear combination of polynomials is the linear combination of the mappings of
the polynomials. Thus, A is a homomorphism.

22



Exercise 3.4. Verify that f : R? — R? given by

E

is a homomorphism. Hint: check that h(aA + BB) = ah(A) + Bh(B).

Solution. Quick and dirty

(o2 ][ 2])

+ as

f a1T1 + a2T2
a1y1 + a2y2

0

= | a1T1 + ar2 — a1y + agy2

3 (a1y1 + az2y2)
0+0

= | ai(x1 — 1) + az(z2 + y2)

0
=a | r1—U

31

f is a homomorphism.

+ as

3a1y1 + 3agys

0
T2 + Y2
3y2

o

Exercise 3.5. Assume each matrix below represents a map h : R™ — R"

[ 2 1
a)

-1 3

[0 1 3
b) 2 3 4

2 -1 2

1 1
c) 2 1

31

For each state
e mandn
e range space and rank

e null space and nullity

Hint: study/solve/analyze the system M = v.

Solution. For (a):

2 1
-1 3

x1

Y1

o

T2

Y2

)

23



3 Linear mappings

The dimension of the domain space R? is the number of columns . The dimension of the
codomain space R? is the number of rows . Next, solve the system

2 1]a 1 0
AR

Note that for any vector in the codomain (right side of the |) there is a solution in the domain (left
side of the |). Thus, the range is all of the codomain R(h) = R?. The map’s rank is the dimension

3 1
Za — 77b
1 2

of the range, |rank(h) = 2| By setting a = b = 0 the only solution is x = y = 0, i.e., the null space

(kernel) is the trivial subspace of the domain

N(h):ker(h):{[ 8 ]}

nullity(h) =0 ‘

and the nullity is the dimension of the null space,

For (b):
0 1 3 x
2 3 4 y | =121d
-2 -1 2 z c

The dimension of the domain space R? is the number of columns . The dimension of the
codomain space R? is the number of rows . Next, solve the system

0 1 3]|a 1 0 —5| —3a+1ib
2 3 4(b|—>--—>(01 3 a
-2 -1 2]¢c 00 O0|—-2a+b+c

From the last row 0 = —2a + b+ ¢ we get a = (b + ¢)/2, so the range is

1 1
¢ 3 b+c 2 2

R(h) = b | €eR’la= 5 =<b|l 1 |+c| 0|[bceR
c 0 1

The map’s rank is the dimension of the range, |rank(h) = 2| By settinga =b=c=0

10 -31]0 10 -3][= 0
01 3|0« |01 3 y | =120
00 010 00 0 z 0
the solution is x = %z, y = —3z, i.e., the null space (kernel) is
x . x g
N(h) =ker(h)=q | y | ER|w=Czy=-3z0=q |y |=A| -3 | NER
z z 0

and the nullity is the dimension of the null space,

nullity(h) =1 ‘ (the kernel is a line in R3).

For (c):

W N =
— =
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The dimension of the domain space R? is the number of columns . The dimension of the
codomain space R3 is the number of rows . Next, solve the system

1 1|a 10 —a+b
2 1|/b|—=>---—0 1 2a —b
3 1|c 0 Ola—2b+c

From the last row 0 = a — 2b + ¢ we get a = 2b — ¢, so the range is

2 —1
R(h) = b | eRla=2b—cp=<b| 1| +c| 0]]|bceER
c 0

The map’s rank is the dimension of the range, |rank(h) = 2| By settinga=b=c¢=0

0
x
Y 0
the solution is = y = 0, i.e., the null space (kernel) is

- [}

nullity(h) =0 ‘

1 00 1
0 10| <= 10
0 010 0

S = O

0
0
0

and the nullity is the dimension of the null space,

Exercise 3.6. For each of the mappings f : R> — R? below

- [z
T
a) — Yy
-7 x+ 2y
S i T
b) Tl y
S r+2y—1
_x_
C) — Yy
Y
L ¥ ] _:c2+y2

Determine if the range (i.e., right side of the arrow, the “destination”) is a vector space.

Solution. For (a): The range set is a plane spanned by two vectors

0 T 1 0
R(f)=span| | 0 |,]| 1 = y|=al0|+0|1]||abeR
1 2 z 1 2
Take two elements from the set
T a
U= Y , U= b
T+ 2y a+2b
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3 Linear mappings

It is easy to show that the zero element exists: make x = y = 0 (or a = b = 0) and you will get
[0,0,0]T. Check closure under addition and multiplication by scalar (both at the same time)

azx + Ba ®
ou+ Bu = ay + 6b = © € R(f)

az + Ba+ 2(ay + 5b) @+ 20
The range set is a vector space.
For (b): The range set is a plane

x 1 0

R(f) = y|=alO0|+0]1|—-]0]|abeR
z 1 2 1

Let’s check if R(f) has the zero element. It doesn’t because there are no solutions a, b for the system

r=0=a
y=0=1»
z=0=a+2b—-1

The range set is not a vector space.

For (c): The range set is a paraboloid

X a
R(f) = y | = b a,b e R
z a® + b?

Let’s check if R(f) has the zero element. Make a = b = 0 and you will get [0,0,0]T, the zero element
exists. To check closure under addition consider two vectors from R(f)

al ag
up = by , U = ba
a? + b? a3 + b3
Sum the vectors
x a1 + a3
ug=uir+u= 1|y | = b1 + by
z a? +b? + a3 + b3

If uz € R(f) then 2z = 2% + y?, but this implies that

(a1 + a2)* + (b1 + b2)* = ai + b7 + a3 + b3
ai + 2a1az + a3 + b + 2b1b + b = af + b} + a3 + bj
aias + bibs =0

which is not always true. There is not closure under addition. The range set is not a vector space.
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4 Inner products

Exercise 4.1. Show that (-,-) defined for all Z = [z1,25]"T € R and 7 = [y1,2]" € R by

<:E’ :’7) =Ty — (:U1y2 + -7)2y1) + 22299

is an inner product.

Solution. We need to show that (Z, ) is

e symmetric: (Z, ) = (¥, T)

e positive definite: (Z,Z) > 0 and <6, 6> =0

e bi-linear: (¥ +¥,2) = (Z,2) + (¥, 2) and (A\Z, ) = A (Z, 2)
Symmetry:

(7, 9) = v1y1 — (w12 + T2y1) + 22202
=121 — (Y21 + 172) + 29220 = (¥, T)

It is symmetric.
Positive definite:

<f, ZL_"> =TT — (l’ll‘g + l’gl‘l) + 2x919
= 22 — 2x119 + 223
= 2? — 2ry39 + 25 + 25

= (r1+ .232)2 + ZL‘%
(Z,Z) is positive for & # 0 and zero for = 0 only.
Bi-linearity: we can do both tests at the same time

ANZ+Y),2)=A(@1+y) 21— A1+ ) 22+ A (22 +12) 21] + A2 (22 + y2) 22
= Mz121 + 1121 — [1122 + Y122 + w221 + Y221] + 22222 + 2220}
= Mz121 — 120 — T221 + 22222 + Y121 — Y122 — Yoz1 + 2222}
= Mz121 — (2122 + 2221) + 22020 + Y121 — (Y122 + Y221) + 2222}
= Mux121 — (x122 + 221) + 22220} + AM{y121 — (Y122 + y221) + 2y222}
= A(Z,2) + Ay, %)

It is bi-linear.
Thus, we conclude that

(@, 7) == z1y1 — (2192 + T2y1) + 2222

is an inner product.
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4 Inner products

Exercise 4.2. Consider (,-) defined for all # and ¢ in R? as

2 0
T
Z,Y) =&
T,y [12]Z/

Is (-,+) an inner product? Is the matrix M above positive definite?

Solution. That the matrix is not symmetric gives a hint that the symmetry property is violated. Test

symmetry using vectors
1 0
T = and ¢ =

so- (e[ ] 12
@) =] o 1][? g][é]:[o 1][f]:1

There is no symmetry, (-, ) is not an inner product.

Let’s check if the matrix is positive definite, i.e., prove that Z' MZ > 0 and 0" M0 = 0

R R [ 2 0 T
Mz = [ Tl X9 } = 222 + 1179 + 273
1 2 o
. x 1 .
now let xo = Az so that ¥ = = . Accordingly
T2

227 + A1 + 20%27 = 27 (2+ A+ 2)0?)

z? cannot be negative and 2 + A + 2)\? is always positive. If ¥ # 0 then Z'MZ > 0 and if ¥ = 0 then

ZT'M# = 0. Matrix M is positive definite.

Exercise 4.3. Compute the distance between vectors

1 -1
T= , y=1 -1
0
using
(a) (@.9) =2y
2 1 0
(b) (Z,if) ;= FTAf where A= | 1 3 -1
0 —1 2
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Solution. We need to calculate the length of the vector difference

1
Fe=d-g=|2|-| -1]=
0 3
Part (a):
2
<z,2>:[2 3 4] 3| =4+9+9=22
3

and the distance is v/22 ~ 4.49.

Part (b):
> 1 0][2
<5,z>:[234] 13 -1]|3
0 -1 2|3

and the distance is +/50 ~ 7.07.

Exercise 4.4. Compute the angle between

using
(a) (Z.9) =27

2 1
(b) (Z,7) := ZT A where A = L3 ]
You will need . .

cosf) = &.9) _ (&, 9) .

[ 7 VA RV (A

Solution. Part (a):
@p=|1 2] [ B ]:—1—2:—3

Then

-3 -3 3
— = — " /10 ~ —0.94868
V5v2 V10 10

0 = arccos(—0.94868) ~ 2.82rad ~ 161.5deg

cosf =

:[2 3 4} 8 | =14424+12=50
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4 Inner products

Part (b):
@p =1 2}[? ;”j]:—n
@3 =1 2}[? ;][;]:18
(7,5 = | ~1 —1][? ;”_1]—7
Then
cosf) = J};\lﬁ = —% ~ —0.087302

= arccos(—0.087302) ~ 1.66 rad ~ 95 deg
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5 Projections

Exercise 5.1. Project the vector orthogonaly into the line

2 -3
(a) -11,4¢¢ 1 ||lceR
| 4 -3
[ -1
-1
Solution. The projection of vector u into vector v is
my(u) = Av = (u) v
Vv
Part (a): Let
2 -3
u=| —-1|,v=c¢ 1
4 -3

Get the scale factor
5= (2,-1,4) - (=3c¢,e,=3¢) A-6-1-12) -19 1
~ (=3c,¢,—3¢) - (—=3c,c, —3c) 02((9 +1+09) - 19¢ ¢

The projection is

) -3 3
mv(u) = ——¢ 11=1-1
f -3 3

Notice: the choice of ¢ determines the scalar A, but the projection 7 is independent of ¢ and .

Part (b): Let

The projection is

mv(u) =

(-1,-1)-(1,3) | 1| -1-3
(1,3)-(1,3) [ 3] 1+9

oo O
| IS

J-3 13-

Exercise 5.2. In R* project point p = (1,2, 1, 3) into the line I = {¢(—1,1,—1,1) |c € R}.

Solution.
(1721 113) ) (_17 17 _1> 1)
= -1,1,-1.1
mi(p) [(—1,1,—1,1»(—1,1,—1,1) (L.L-11)

—1+2-1+3 )
Bt [GURS R R RS RY

_ (.55 55
a 4’4" 474
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5 Projections

Exercise 5.3. Consider the transformation of R? resulting from fixing s = [3,1]7 and projecting v
into the line spanned by s. Show that in general the projection transformation is

x1 91‘11-&(-)3$2
= 3z1+z2
L2 10
and find the projection matrix.

Solution.

3 _ 3x1+x2 | 3 B
1| 10 1]
3 9 3
3 1 '
5 i 10 | | 22

The picture bellow shows the projection (thick arrows) of two vectors (thin arrows) into the line
spanned by s.

9x1+3x2
10
3z1+x2

10

9z1
_| 10
3z1

10

\
\
\

\ ol \ (x1,x2)
\ " span(s)

\
(X1 ,’XZ,) \ 11 \
\

Exercise 5.4. Consider the euclidean vector space R® with the dot product. A subspace U C R® and
# € R® given by

0 1 -3 -1 [ -1 ]
-1 -3 4 -3 -9
U = span 2 1, 1], 1], 5 ,Z= | —1
-1 2 0 4

2 L 2] [ 1] | 7] | 1]

e determine the orthogonal projection 7y (%)

e determine the distance d(Z,U)
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Solution. First determine a basis for U

0 1 -3 -1 100 1
-1 -3 4 -3 01 0 2
2 1 1 5|—=--=]0011
0 -1 2 000 0
2 2 1 7] (000 0

There are only three independent vectors. Pick the first three for the basis so that

o] [ 1] [ -3
-1 -3 4
U = span 21, 11, 1
-1 2

L . L 2_ L 1 .

In other words U could be spanned by the columns of this matrix

0 1 -3

-1 -3 4
B=| 2 1 1
0 -1 2

2 2 1

The projection 7y (Z) = p'is some vector = BX € R®. We need a X = A1, A2, As]T # 0 in € R3. How?
Let

this means

p-(@-p)=0  (pLg)
(BN (Z—BX) =0  (§=BX)
X' BT (Z—BX) =0
B (#—-BX) =0 (X#0)
B'#—B"BX=10
B'BX=B'#
In practice
[0 1 -3 (1]
0 -1 2 0 2 -1 -3 4 M 0 -1 2 0 2 -3
1 -3 1 -1 2 2 1 1 |l=| 1 =31 -1 2 1
-3 41 21 -1 2 A3 -3 41 21 —1
pa 2 2 1] 2]
~——
B T

pseudoinverse

33



5 Projections

The scalars are Ay = —3, A\; = 4, A\; = 1. The orthogonal projection of Z into U is

0 1 —-3] [ 1]
-1 -3 4 -3 -5
P=my(@)=BX=| 2 1 1 4= -1
0 -1 2 1 -2

2 2 1] 3]

The distance between & and U is the distance between & and p’

d(&,U) = || - 5]

1 1 )
-3 -5 4
F-p=| 1|-|-1]=
~1 —2
2| | 3] | -2]

d(Z,U) = /22 + 4* + 62 4+ 22 = /60

Exercise 5.5. Project the “round point” (x,y) = (2,1) into the “rhomboid grid” shown below. The
length of the vector forming the 60° angle is 1.

. e .
) / / / )
T T T
1 2 3

Find the (z,y) of “squarish point”. Find the transformation projecting “from rectangular to rhomboid”.

Solution. The coordinates of the unit vector are x = cos60° = % and y = sin 60° = § You can use

the vectors (%, g) and (1,0) as basis for the rhomboid grid

2| 1 :
1 =Uu 0 + v @
We can solve
+ 1 2
U+ —v =
2
V3
—ov=1
2

U= 6_—3‘/5 ~ 142 and v = % ~ 1.15, these are the “rhomboid coordinates”
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u=1.42

3 i

2 —

I @ v=1.15
1 2 3 u

The squarish point lies at (u,v) = (2,2) and its canonical coordinates are

HEIHEN

If the transformation from rhomboid to rectangular is

BREg

the inverse transformation from rectangular to rhomboid requires the matrix inverse
wl |1 =33 ||«
v 0 %\/ﬁ Y

Exercise 5.6. Use Gram-Schmidt orthogonalization to create a basis for R? using

L)

Solution. Let

so that

Thus,

P TR P s G U RN CUE O I N
SRR WA R B L)Ly | 1]

The orthogonal basis is

| — |
|

[S[SSENI[Y

| S
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5 Projections

Ny rt . N y
Ny s X \NYy
\ , { ,
\\ X 2T // \\ 2T //
\\ 172 // N iceeneeneees //
\\ T — ’ 7, T — :/
é\\ b, Uy i
PN ;
} f } } > } } } }
2 1 1 2 X ) 1 1 2

1 . 3 3
_’-_’: . 2 = —— 720
Uy - U [1] [ g] 2—1-2

Exercise 5.7. Find an orthonormal basis for this subspace of R?: the plane  —y + z = 0.

Solution. First thing to do is to parameterize the plane

T 1 -1
Y eRlz=y—zp=<y|1|+= 0| |y,zeR
z 0 1
Let’s make
1
b= |1
0

|
—_
|
—_
—_
|

. ,1,0] - [-1,0,1]
by = 0 _<[_1, ,1]'[_17071]>

[a—
I
— o
_l’_
\
ja)
I
— N N

) 1
. b 1 X V2
uy = = - 75
! ‘gl VIZ+ 12 v
_1 -1
G b 1 2l Y
- 2 - V6
B IR I
6

The orthonormal basis is
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Exercise 5.8. Rotate the vectors

by 30°.

Solution. We use the rotation matrix

AZ[C?SH

sin 0
with 6 = 30° = Z: cos(%) = % and sin(%) = &

g ] [2] [

Lz 5 ]L3 1+

[ v3 1] o 1

rg=| 2 2 _ 2

1 V3 1 _V3

L 2 2 1L 2

—sind

cos b

| IS |

| =

6v3—9
643
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6 Eigenvectors and eigenvalues

Exercise 6.1. Compute the determinant of

1
A= 2

5
6
0 2 4

using the Laplace expansion, the rule of Sarrus and row operations.

Solution. Determinant by Laplace expansion of the 1st, 2nd or 3rd row

4 6 2 6 2 4
1- ~3 +5 =1-(16-12)—3-(8—0)+5-(4—0)=0
2 4 0 4 0 2
Lo 35 15 13
2 4 6|=4{-2- +4 ‘—6 ‘ =-2.(18-20)4+4-(4—0)—6-(3—-0)=0
4 6 0 4 0 2
024 35 15 13
0- —2 +4 = —2.(6-10)+4-(4—6)=0
4 6 2 6 2 4

Determinant by the rule of Sarrus: write out the first two columns of the matrix to the right of the
third column, giving five columns in a row. Then add the products of the diagonals going from top to
bottom (solid) and subtract the products of the diagonals going from bottom to top (dashed)

+ o+ 4+
1 3 5 1
N
2 4 6 2 4
X XN
2 4 0 2

3

0

det(A)=1-4-4+3-6-0+5-2-2—(0-4-5+2-6-1+4-2-3)=0

Determinant by row operations

135 1 3 5 1 3 5
2 4 6| —2R, =0 —2 —4 =10 -2 —4|=1x(=2)x0=0
02 4 0 2 4| +Ry 0 0 0

Exercise 6.2. Compute the following determinant efficiently

2 01 20
2 -1 0 11
0 1 2 1 2
-2 0 2 -1 2
2 0 11
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6 FEigenvectors and eigenvalues

Solution. Perform row operations to get the matrix into echelon form

2 01 2 0 2 0 1 2 0
2 -1 0 1| —R; 0O -1 -1 -1 1
0 1 2 1 2 =10 1 2 1 2| 4R
-2 0 2 -1 2| +Ry 0 3 1 2
2 00 1 1| —Ry 0 0 -1 -1 1
2 0 1 20
0 -1 -1 -1 1
=10 1 0 3
0 0 3 1 2| —3R3
0 -1 -1 1 +R3
2 0 1 2 0
0O -1 -1 -1
=10 0 1 0 3
0 1 -7
0O 0 0 -1 4| +Ry
2 0 1 2 0
0 -1 -1 -1
=10 O 1 0 3
0 0 0 1 -7
0O o0 0 0 -3

Exercise 6.3. Compute the eigenspaces of

(10
(@) A= 11]

[ 9 9
R 1]

Solution. For this we need to solve the characteristic equation, then the eigenvalue equation.

Part (a) Characteristic equation

. - -
det 0 - A Lo =
11 0 1]

There is only one solution A = 1 with algebraic multiplicity 2. Eigenvalue equation

1—-A 0

=(1-)?%=0
1 1-) ( )

1o L [1o ] [o]
11 0 1 yl |o
o o0|[=z] [o]
10 y| |0
o], o] [o]

xT =
117 Yo 0
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See that  must be zero but y can be any number. Let’s set © = 0 and y = 1 for the eigenvector. The

eigenspace will be
0
1
Part (b) Characteristic equation

(2] 2])-

The eigenvalues are A1 = 2 and Ay = —3. The eigenvector associated with A\; = 2 is the solution of

R MRt P M Bl

1
and the corresponding eigenspace of \y = 2 is F; = span [ ])

2—A 2

, L [Fe-a0 =0

2
The eigenvector associated with Ao = —3 is the solution of

e M B B MR Bt

2
and the corresponding eigenspace of Ay = —3 is | Fo = span ([ ])

M

Given [z,y]l = [1,1]T calculate [z,y]]. What happens if k — 00?

Exercise 6.4. Consider the map

N —

(@)
—_
| —— |
< 8
—_
>

-2

Solution. We can do this

] 1 o]f=] [t of[1] [ 1
_y_l_-% _2__3/_0__% _2__1]_[_41]
2] [1 ol[=] [1 o] 1 1
L _2:_% 2] _1:_% 2__112[%45]
2] 1 ol[2z] [1 o][1 1
But not a good indea for k in general because that requires v = MPFvy and multiplying many

matrices is not efficient. Instead, decompose the matrix M = PDP ™!, where D is the diagonal matrix
of eigenvalues and P the matrix with corresponding eigenvectors as columns. Then

M* = (PDP')" = PDP=*PDP ! ... PDP=*PDP ! = PD*P,

k times

diagonal matrices are easier to raise to powers.
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6 FEigenvectors and eigenvalues

For this matrix one can read the eigenvalues from the diagonal (it is triangular!) Ay =1, Ao = —2.

For the eigenvectors of A\; = 1 solve

(MR FH IR B

For the eigenvectors of Ao = —2 solve

(Y Rl E M b R I R Rl

The mapping matrix can be factored as

12
M — 0 1 0 i 1 0 ‘
1 1 0 -2 |12 —1 12
Check for £ =3

LAl a0l el )]
SR | IR I e e I

i e)
[
w o
| E— |
| — |
SIS
| I
Il
| — |
o o
| E— |
<
S
Il
| — |
=
i Ot
| I

= =

04
o
7

1
—_
w"—‘
| — |
—_
© o
|
o
o
—_
)
| I
1
1
INQTICR—
|
o O
| I |
| — |
—_ =
| I
1
1
NI
| =
o
| I
|
| — |
»b‘[l\; [
Ne)
| I

Thus,

; limy,_, o0 12 12 1
1m — = — e
k—o0 12 1+ 11 limp oo (—1)*2F 12 | diverges diverges

12 1
1+11(=1)k2k | 12

and the limit does not exist.

Exercise 6.5. Picture an animal that can live 4 years. Survival from ages 1 — 2,2 - 3 and 3 — 4
occur with probability 0.6, 0.4 and 0.3 respectively. An individual of age 2 or 3 produces 80 and 50
eggs respectively, but only a fraction s = 0.1 survive predation. Let ni,no,ns,ng be the number of
individuals of each age class. The same numbers one year later are n), ny, n4, n/. If a population starts
with a ny = ng = ng = 0,n3 = 10, what are the numbers after ¢ = 20 years? What is the stable
age-structure?
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Solution. We start by writing the dependences of n/,nb, ns, n) on the ni,ng, nz, ng

n = s80ny + s50n3

n’2 = 0.6711

ny = 0.4n2

ny = 0.3n3

This mapping can be represented as
n} 0 80s 50s 0 ni
nh _ |06 0 0 0 N9
nh 0 04 0 O ng
nl 0 0 03 0 ny
—_—— ~—_——

N/ L N

N, N’ are population structure vectors, L is a “Leslie matrix”. If the population vector in year 0 is Ny

N; = LN,
N, = LN; = LLN,
N3 = LN; = LLLN,

N,; = LN,

N1t 0 80s 50s 0 ' nio
noe | 06 O 0 O N2
ng; | | 0 04 0 0 n3.0
N4y 0 0 03 O 4,0

We have to diagonalize the Leslie matrix as L = VRW where R is the diagonal matrix of eigenvalues
of L, V is the a matrix of eigenvectors whose columns correspond to eigenvalues in R, and W = V1,
Using s = 0.1 Octave or Matlab gives the following eigenvalues

0.0000 0.0000 0.0000  0.0000
R— 0.0000 2.3066  0.0000  0.0000
0.0000 0.0000 —2.0532  0.0000 |’
0.0000 0.0000 0.0000 —0.2534
eigenvectors (columns)
0.0000 —0.9669  0.9584 —0.1578
V — 0.0000 —0.2515 —-0.2801  0.3736
0.0000 —0.0436  0.0546 —0.5898 |’
1.0000 —0.0057 —0.0080  0.6983
and
—0.0600 0.0000 1.2000 1.0000
| —0.4930 —1.8954 —1.0688 0.0000
B 0.5606 —1.9182 —1.3651 0.0000
0.0883 —0.0373 —1.7427 0.0000
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6 FEigenvectors and eigenvalues

For Ny = [0, 0,10, 0] the population after t = 20 years is

1.6456 x 108 164.7
5.5613 x 107 55.6
Ny = LN, = PDYWN, = % ~ 10° x
7.1492 x 10° 7.1
1.2944 x 106 1.3
For very large ¢
—0.9669 0
—0.2515 0
N; ~ vgAiwyNo = 2.3066' —0.4930 —1.8954 —1.0688 0.0000
—0.0436 10
—0.0057 0
10.333
2.688
~ 2.3066°
0.466
0.061

where Ay is the dominant eigenvalue and vy, wy are associated dominant left and right eigenvectors.

The stable age-structure is given by the dominant eigenvector

—0.9669 10000
—0.2515 2601
= divide by 1st element, multiply by 10000, round to integer =
—0.0436 451
—0.0057 59

Scaling by 10000 is convenient for communication because it says e.g., “there are 59 individuals of age

4 per 10000 individuals of age 1.
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7 Vector calculus

Exercise 7.1. Find the gradient and jacobian of f(x) = sin(z1) cos(zz), x € R2.

Solution. We need to get the partial derivatives with respect to the components of x
of
—— = cos(z1) cos(x
5o = cos(a) cos(a)
of : .
—— = —sin(z1) sin(z
Dg (z1) sin(z2)
The gradient is the vector of partials

Tor o]
Vf‘[axl axﬂ‘

the gradient is a row vector. The jacobian is a column vector of gradients. Since there is only one

[ cos(z1) cos(z2) —sin(zy)sin(zg) ]

gradient, the jacobian is just the gradient

J=Vf= [ cos(xy) cos(we) —sin(xy)sin(zg) }

Exercise 7.2. Find the gradient and jacobian of f(x,y) = x'"y, x,y € R",

Solution. This function is a scalar multiplication of vectors, the dot product

f(xy)= XTY = Z TilYi

i=1

Note that f: R?" — R. The partial derivatives with respect to x and toy

g— 87]‘" 37f — | n
3X_[8a:1 axn]—{yl yn}—y eR
of _| 9f of | _ _xTeR"
ay = |: 8y1 L 8yn :| = [ 1 Tn } =x e€R
The gradient is the vector of partials
BN A N I S I
Vf—[ax 8y]—[y x]—{yl cer Yn X1 ... xn]

the gradient is a row vector. The jacobian is a column vector of gradients. Since there is only one

gradient, the jacobian is just the gradient

N

JZVf: [yl cee Yn T1

Exercise 7.3. Find the jacobian of f(x) = xx', x € R™.
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7 Vector calculus

Solution. This function maps R™ to R™*"™

T 11X

f(x):xxT: : 1. xn]z : =| xx1 ... xxn]

TpT1 e €T

I
0z - Oxy O0r; Oxy 0rq 1 “n
Tn
[ 1 x'
0 T 0
= X +x [ 1 0 . 01| = + { x 0 0 }
| 0 0
_xl To -+ Tn g 0 ... O 2r1 x9 ... Xn
o o --- 0 xzo 0 ... O o 0 ... O
= . A = :
0 O 0 Tn O 0 z, 0 ... 0
The other partials follow the same pattern
9 O0¢i-1)xn
xx' ) = T + 1 0,x0 0 ;
or; - X nx(i—1) X nx(n—i+1)
0(n7i+1)><n
and the jacobian matrix is J = [ g—gfl 8‘% e {;97/[ ]
201 x9 ... Tp| 0 x1 ... O |...| 0 O T
zo 0 ... 0 |z 229 ... xn 9
J—
z, 0 ... O|lx, O ... O |... |21 22 211

Exercise 7.4. Find the jacobian matrix for the Lorenz system of differential equations

f(x,y,z) = U(y - .CC)
g(w,y,z) = .I'(,O - Z)
h(z,y,z) =xy — Bz

@
y
%

and evaluate the jacobian at stationary points (x,y, z) where & =gy = 2 = 0.

Solution. We need to find the three gradients first

[ of of 0 0 0 0

Vf:_ai 85 ai}:[ax(o—yox) a—y(oy—o—:ﬂ) ai(ayal‘)}:[—g o 0]
[ 9g 0g O 0 0 0

Vg:_a?i 5y ai]:[ax““‘“) oy P ) a];(”x‘“)]:[P‘z 0 ]
[ Oh Oh Oh 0 0 0

V=19 oy aﬂ‘[ax“y—ﬁz) gy "~ ?) af(”‘ﬁz)]‘[y —
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The jacobian matrix is

—c o 0

J=|p—2 0 —=x

y v =B
At a stationary point
0=0(y—x)
0=a(p—2)
0=uxy— Bz

There is a trivial solution (x,y, z) = (0,0,0) where the jacobian is

—c o 0
J= p 0 0 ,
y 0 —p

a non/trivial solution (x,y, z) = (v/Bp, v/ Bp, p) where the jacobian is

—0 o 0
J= 0 0 —VBp |,
VBp VBp -8

and a non/trivial solution (x,y, z) = (—+/Bp, —v/[p, p) where the jacobian is

—0 o 0
J= 0 0 VBp
—VbBp —VBp =P
Exercise 7.5. Find the jacobian matrix for
y=Ax+b

where x,y,b € R" and A € R™*".

Solution. Let’s first expand this too see what’s happening here

n
Y1 aiy a2 a1n x1 by Y oiq a15%; + by
n
) asy age -+ A2n T2 be Y i 2T + by
= . . ) R e o R .
n
Yn Gpl anp2 -+ Anp T, bn, zizl aniTi + by

The derivative of y; (i =1,...,n) with respect to z; (j =1,...,n) is

Wi _ 0 aixTk + b; | = aij,
al'j 3:1)]' 1

i.e., it’s all zero except when k = j. This means that

J=A
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7 Vector calculus

Exercise 7.6. Compute the derivatives of f respect to x for

flz)=¢""
where z = x"x, x € R".
Solution. We need to use the chain rule
of of 0z
ox 0z 0Ox
% = % (e7#) = —e™* this was easy. Now for g—i, this is a gradient
Vz = % —| 0z 0z 0z — xTx  Ix'x xTx
ox Oxr1 Oxa Oxn Ox1 Oxo Oxn
2 2 2
:[ 88%1901 88%:1 aazxfz } = [ 2r1 229 2z, } =2x'
So,
of .
- =—¢ “Vz
0x
— 6—xTx 2XT
:—2[$1 T T, | e 2%
= [ —2x16*‘”? —23726*1"% —Zmne*”’%

Exercise 7.7. Compute the derivatives of f respect to x for

fly)=Iny
1 -1 1
1 1 -1

Solution. We need to use the chain rule

where y = Ax+b, x € R3, A =

Jmin-[1].

of _of oy
ox Oy 0x
For % :
1
Inys dy oy1  0y2 33/1 0 ’ 8y2 y%
For g—i:
oy1 o
Y1 r1—T2+23+1 oy B oy For
y= - 1 = a; = dy1 = a: = Y2
Y2 —T1+ T2 — T3+ Ix o
So,
1 1 1
g | ow 0 1 -1 1 _ T
0x 0 L -1 1 -1 _1 1
Y2 Y2 Y2
-1 1

1
— [ 14+xz1—22+73

14+xz1—22+73
1

141 —22+73

l—z14+z0—23

l—z14+z20—23

l—z14+z20—23
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Exercise 7.8. Compute the derivatives of f respect to x
(a) f(z) =log(l+2), z=x"x
(b) f(z) =sin(z), z=Ax+Db

A cRFXP x e RP b eRF

Solution. (a) See that f(z(x)) is a scalar-valued function of a vector, so the derivative takes the
gradient vector form

of 2% T 211 229 2xp
Ox 1t+x'x | 1+32, 22 1420 42 1+ 37, a2

7

(b) See that f(z(x)) is a vector-valued function of a vector, so the derivative takes the jacobian matrix

form. Using the Chen-Lu
of 0foz
67}( = gaix = COS(Z)A,
but cos(z) has E rows and A has D columns, we cannot multiply cos(z)A as shown unless F = D.

But if we lay out cos(z) as a diagonal matrix E x E we can multiply it by A which has E rows

of

I diag (cos (Ax + b)) A
CcOos (b1 + Zz’;l alixi) oo 0 a1 -+ aip
0 <o+ Cos (bE +32, aEZ-a:i) agi -+ GED

If you are not convinced, let’s do it the long way

sin(z1) x1 sin (bl + Z;‘D:1 aljxj)
fe=s(| 1 =g = |
sin(zg) xp sin (bD + ZJD:1 anxj)
— ~
Ex1 Dx1 Hey! that’s still Ex1
Ex1
the derivative is
a% (sin (b1 + Z]'Dzl aljxj>) cos (b1 + Z]'Dzl aljxj> 8% (bl + Zle aljxj)
af ) :
67)( - : D B D : D
% (Sjn (bD + Zj:l a,ij])) COS <bD + Zj:l anx]> % (bD + Zj:l CLE]CCJ>

now see that (% (bi + Z?Zl aijxj) is a gradient vector. Continue but using z; = b; + Zle a;;x; down

below
o cos (21) Vi (21) cos (21) [ air -+ aip ] [ aipcos(z1) --- aipcos(z1) }
= — =

cos (zi) Vx (25) cos (zp) [ agl -+ agpp ] [ agicos(zg) -+ appcos(zg) }

This is a column vector or row vectors, so g—i is a jacobian matrix. Row 4 of this jacobian is row ¢ of A

scaled by cos (z;). This is why we can factor the jacobian as the product of a diagonal cos(z) matrix
times A.
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8 Continuous optimization

Exercise 8.1. Find and classify all the critical points of the following function

f(z,y) = 3y° — 2%y® + 8y* + 42® — 20y.

Solution. Get all first and second partial derivatives

fo = —22y* + 8z fy = 9% — 22%y + 16y — 20
)
fow = —2y* +8 foy = —4xy fyy = 18y — 222 + 16

Find all critical points by setting the gradient to zero (fy, fy) = (0,0). Equation f, = 0 has three
solutions x = 0 and y = £2. Use them to find the solutions of the f, = 0 equation:

e if z = 0: the solution of 9y* — 2 - 0%y + 16y — 20 = 0 is y = —L6=¥I76
e if y = 2: the solution of 9-22 —222-24+16-2—-20=01is v = £2V/3
e if y = —2: the solution of 9+ (—2)2 — 222 (=2) + 16 (-2) =20 =0 is = = +2

There are six critical points (x,y)

1. (0, =16+/9T )
2. (0, =L6= \/97)
3. (2v3,2)

4. (-2v/3,2)

5. (2,-2)

6. (—2,-2)

For classification we need

D(z,y) =foafyy — fﬁy = (—2y* +8) (18y — 22* + 16) — (—4day)?
=4[(4-9%) (8+9y —27) — 4a”y’]

Use a calculator

—

D (0, =16+v/076 V976) —205.1 > 0 and fuy ( , 164076 ) — 6.6 > 0. This is a (relative) minimum

( =16—/076 ) 180.4 > 0 and fys ( , =16-/076 ) 5.8 < 0. This is a (relative) maximum

2\/§ 2) —768 < 0. This is a saddle point

2,—2) = —256 < 0. This is a saddle point

-
bbbbb

(—2v/3,2) = =768 < 0. This is a saddle point
(
(—2,—2) = —256 < 0. This is a saddle point
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8 Continuous optimization

Exercise 8.2. Find and classify all the critical points of the following function
1
flzy) =8z —ay/y—1+2°+ 2Y = 1222

Solution. Get all first and second partial derivatives

x 1
fx:8—\/y—1+3332—24x fy:—m‘Fi

X

fre = 62 — 24 fzyzo fyy: Z(y_1>_3/2

Find all critical points by setting the gradient to zero (fs, fy,) = (0,0). From f, = 0 we get that
VY —1 = 32? — 24z + 8. Substituting this in f, = 0 gives 32> — 242 + 8 = 0 and this quadratic
equation has two solutions z = % and x = 8. Replacing z = % in f, =0 gives

1=3 ! 241+8—8 23+8—1:> 1—1:> _
R ERE A T T I
and replacing x = 8 in f, = 0 gives
Vy—1=38—24848=8=y—1=64=y=165
There are two critical points (z,y)
1 10
L (3%)
2. (8,V/65)
For classification we need
_ 2 . T, 1 =3/2) _ 2 31’(1’—4)
D(x,y) = feafyy = foy = (62 — 24) (Z(y 1) ) (0)" = 2y — 1952

A calculator is not required because it is very easy to determine the sign of D at both critical points

1. D (%, %) = %% (% —4) (% - 1)_3/2 < 0. This is a saddle point

2. D (8,\/65) = 38(8—4) (V65— 1)""> > 0 and f (8,1/65) = 6-8 — 24 = 24 > 0. This is a

minimum

Exercise 8.3. Find the equation of the tangent plane to

6
— 2 -
z =z cos (my) Py
at (2,—1).
Solution. Get the partial derivatives
6 5 . 12
fo = 2x cos(my) + 27 fy = —mx”sin(zy) + po
Evaluate at (2,—1)
5
f@2,-1) =7 fal2,-1) = =3 fu(2,-1) = =6
The tangent plane is
5
z:—7—§(x—2)—6(y+1) =——z—6y—8
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Exercise 8.4. Find the equation of the tangent plane to

12x
o m2y4 e

at (—1,6).

Solution. Get the partial derivatives

12

12
fo = 21'94 - -
Y

fy =42y’ + 2

Evaluate at (—1,6)

12-(—1) 12 12-(—2)

F=1,6) = (-1)%6" = = fo(=1,6) =2(-1)6" = = fy(-1,6) =4(-1)*6" + ——
24 2590
= 6% +2=1298 =2-6%—2=2590 :4-63—@:T

The tangent plane is

z=f(=1,6) + fo(=1,6)(x + 1) + f(~1,6)(y — 6)
2590(y — 6)

3

2590
= 1298 + 2590z + 2590 + = Y- 2-2590

= 1298 + 2590(z + 1) +

2590
=| —1292 42500z + -~y

Exercise 8.5. Find the maximum and minimum values of f(x,y) = 81224y subject to the constraint
4z + 2 = 9.

Solution. Before we start notice from the constraint that —% <z< % and —3 <y < 3. We need to
solve the following system of equations

Vf(x,y) = AVg(x,y)
g(z,y) =c

where g(x,y) = 422 +y? and ¢ = 9. The first means that the gradients of f and g are parallel at
critical points, and the scalar A (Lagrange multiplier) makes them equal. The gradients are

Vf(z,y) = (162z,2y)
Vy(z,y) = (8z,2y)

We need to satisfy

162z = \&x
2y = N2y
422 + y2 =9

In the 2nd equation the solutions are y = 0 and A\ = 1:

e substituting y = 0 on the 3rd we get z = :l:%

e substituting A = 1 on the 1st we get = 0, which replaced on the 3rd gives y = +3
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8 Continuous optimization

We have three solutions

1. ( ) and f ( ) = @ that’s between 175 and 200

2. ( = ( %, ) and f ( ) % that’s between 175 and 200
3. (z, ) (0,3) and f(0,3) =9

4. (xay) = (07 _3) and f (07 _3) =9

We can conclude that points 1 and 2 are absolute maxima while 3 and 4 are absolute minima.

Exercise 8.6. Find the maximum and minimum values of f(z,y, z) = 3x2+y subject to the constraints
dr —3y =9 and 22 4+ 22 = 9.

Solution. First note that because of the 2nd constraint —3 < z < 3 and —3 < z < 3. Then from
the 1st constraint it follows that —7 < z < 7. In this problem we need satisfaction of the following
equations

Vi, y,2) = AVg(z,y,2) + pVh(z,y,2)
g(x,y,2) =9
h(z,y,2) =9
with g(z,y, z) = 4x — 3y and h(x,y,2) = 22 + z2. Notice that

e D] [O

vector of multipliers
jacobian matrix

The gradients

_[of of oF] _
Vf— _&57%782’:| - [6:1:7170]

_[99 9g 0g9) _ ., _
Vg = _6x’8y’8z] =[4-3,0)

[Oh Oh Oh
v _a$7 ay? 82} { :L', 07 Z]

That’s a total of five equations

6 = 4\ + 2ux
1=-3\
0=2uz

dr—3y =9
2’ + 22 =9

From the 2nd equation |\ = —— | From the 3rd g = 0 or z = 0. We need to see what happens with

each of these two

e For z = 0 the 5th equation (the 2nd constraint) gives x = £3. Now use these two on the 4th
equation (1lst constraint)

T=-3: -12-3y =9

z=3: 12 -3y =9

14
Ned

<
I

So, we have points P = (=3, —7,0) and P» = (3,1,0)
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e For u = 0 the 1st equation (remember that A = f%!!!) produces z = f%. Using this value in
the 4th and 5 equations (1st and 2nd constraints) makes

2 89
4({—=)—-3y=9 — =——
( 9> Y Y= "o7
2\° 5v/29
(Yoo o e
So, we have points P = (—%,—%,—@) and Py = (—%,—%,@)
Evaluation at the points
1. f(-3,-7,0) =20
2. £(3,1,0) =28
2 _ 89 _ 5V29 85
3. f<_§7_777_T> =
2 _ 89 5v29)\ _ _ 85
4 f( 5 "ar g >——ﬁ
85

The absolute maximum is 28 at (x,y,z) = (3,1,0) and the absolute minimum is —52 which occurs at

_2 89 45V
9 27 9 ’

Exercise 8.7. Find the maximum and minimum values of f(x,y) = 3z — 6y subject to the constraint
4x? + 2y% = 25.

Solution. The constraint indicates that |z| < 5/2 and |y| < 5v/2/2. The following equations must be
satisfied

with g(z,y) = 422 + 2y* — 25 . This gives

3=8\r
-3 =2\y
4% + 2% =25

The 1st and 2nd equations produce z = % and y = %, respectively. Substite these into the 3rd to

get A

36 9
2 —9
612 o)z g
81
2502 = —
16
9
-+
A 20

Using A = i% gives & = il‘% and y = i%, all valid (within the constraints). Thus,
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8 Continuous optimization

_ (5 10 5 10y _ 95 10 _ _ 75
L (z,y) = (3%, %) and f (5, 3) =33 — 65 = -2~ —18.75

_ 5 10 5 10\ _ 5 10 _ 75
2. (xyy)—(_m’_?)) andf(_12v_3)—_312+63 =7 ~ 1875

We can conclude that point 1 is an absolute minimum and point 2 is an absolute maximum.

Exercise 8.8. Determine the quadratic polynomial approximation of
f(x,y) =sin2x + cosy
near the point (0,0).

Solution. Get all first and second partial derivatives

fz =2cos2x fy = —siny
fre = —4sin2zx foy =0 fyy = —cosy
At (2o, y,) = (0,0) we get f(0,0) =sin2-0+ cos0 =1 and
f2(0,0) =2 f4(0,0) =0
f22(0,0) =0 fey(0,0) =0 fyy(0,0) = -1

The linear approximation is
L(x7y) = f(l‘,y) + fx(a:,y)(x - IO) + fy(az,y)(y - yo)
and at (z,,¥o) = (0,0) that’s

The quadratic approximation is

Qry) = L)+ TSP 4 o) — )y — o) + D20 2
and at (z,,Y,) = (0,0) that’s
Q(z,y) = L(0,0) + f‘r(g’o)f + f24(0,0)zy + fy(g’O)yQ =142z — %y2
Exercise 8.9. Determine the quadratic polynomial approximation of
flx,y) =1+ ze¥
near the point (1,0).
Solution. Get all first and second partial derivatives
fo=¢ fy=1
Jea =0 Joy =0 fyy =10
At (2o,70) = (1,0) we get f(1,0) =1+ 1-¢e° =2 and
f=(1,0) =1 fy(1,0) =1
faz(1,0) =0 fay(1,0) =0 fyy(1,0) =0

The linear approximation is
L(z,y) = f(x,y) + fa(2,9) (@ — 20) + fy(2,9) (Y — ¥0)
and at (z,,¥) = (1,0) that’s
L(1,0) = f(1,0) + fo(1,0)(x — 1) + f,(1,0)(y = 0) =24 1-(z = 1) +1-y=1+z+y
The quadratic approximation is

Qw9 = L) + =00 oy (o) — )y o) + Wy

but at (z,,¥,) = (1,0) all 2nd order derivates are equal to 0. Thus, Q(1,0) = L(1,0) =
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